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a b s t r a c t
The work presented here is about the nonlinear pull-in behavior of different electrostatic
micro-actuators. He’s homotopy perturbation method (HPM) is applied to solve different
types of micro-actuators like Fixed–Fixed beam and Cantilever beam actuators. Simulated
results are presented for further analysis. Also the obtained results compare well with the
literature.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Microelectromechanical system (MEMS) is a relatively new application in the area of mathematical modeling and
simulation. Different types of electrostatic actuators are used in MEMS but beam type electrostatic actuators have also been
frequently applied. A major problem in using beam type actuators is their nonlinear pull-in behavior. Petersen [1] was the
first person who identified this nonlinear pull-in behavior of an electrostatic micro-actuator. Mullen and Hsu [2] presented
a coupled non-linear elastic-electrostatic boundary element method (BEM) for electro-statically driven actuators.
The extraction ofmaterial properties by performing themeasurement of pull-in voltage and capacitance voltage together
was discussed by Chan et al. [3]. Using the Raleigh–Ritz method, Fujita and Ikoma [4] gave an approximate solution for
electrostatic field analysis. Mullen et al. [5] have used the FEM to predict the load deflection and buckling behavior of micro-
fabricated beams. A combination of linear and nonlinear behavior under high voltage deformation was presented by Li and
Aluru [6]. The design and performance of cantilever beams and fixed curved electrodes were given in [7].
The coupling effect between the electrostatic force and elastic deformation was given in [8]. Kuang and Chen [9]
employed the modified Adomian decomposition method to analyze the non-linear pull-in behavior of different types of
micro-actuators. He’s homotopy perturbation method (HPM) [10–16] seems to be very convenient and effective to solve
nonlinear initial and boundary value problems. He [10] presented a detailed review about the HPM method. A comparison
between the Adomian decomposition method and HPM showed that the HPM which does not need small parameters
in the equations, therefore is more effective and simple. Moreover, HPM can be used for solving non-linear problems of
different types i.e. nonlinear oscillatory problems [17], singular IVP’s of Lane–Emden type [18], and electrostatic potential
problems [19].
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Fig. 1. A cantilever type beam electrostatic micro-actuator.
In the present work, HPM is applied to solve a non-linear pull-in behavior problem of different types of micro-actuators.
The obtained approximate analytical solutions for non-linear equations provides the evidence of the usefulness of He’s
homotopy perturbation method. Simulated results are to provide a comparative study with [9].
2. Actuator devices
For simplicity the concentration is focused on models (Fixed–Fixed and Cantilever beam) discussed in [9] by Kuang and
Chen.
2.1. Cantilever beam
Fig. 1 shows the cantilever beam type actuator suspended above a fixed electrode with a fixed boundary condition.
An external voltage V is applied between beam and fixed electrode. The small deflection theory of the cantilever beam
is discussed in [20]. By using this the following non-linear differential equation
d4y(x)
dx4
= F
[
1
(s− y(x))2
]
(1)
is obtained with the distributed load Pe(x, V ) and dimensionless static deflection y(x) of a cantilever beam,
with x = x
Lb
, F = ∈o b V
2Lb
2 E I
, b = b
Lb
and s = s
Lb
. (2)
In Eq. (1), E is the effective beammaterial modulus, I(x) is the moment of inertia for the cross sectional area of the beam,
∈o is the dielectric constant of air, b is the beamwidth, s is the distance between the cantilever beam and the fixed electrode,
t is the beam thickness, Lb is the length of the beam and in Eq. (1) fringing is ignored.
Boundary conditions for the cantilever beam actuator are
y(x) = 0, y′(x) = 0 at x = 0
y′′(x) = 0, y′′′(x) = 0 at x = 1. (3)
2.2. Fixed–Fixed beam
Due to the fact that the Fixed–Fixed beam actuator is suspended above the ground plane, electrostatic pressure Pe(x, V )
is created to pull the deformable beam towards the ground electrode. The Fixed–Fixed beam was pulled suddenly into the
electrode after the voltage exceeded the critical pull-in voltage (see Fig. 4).
Consider a non-dimensional and nonlinear differential equation of the following type
d4g(x)
dx4
= Pe(x, V ) = −F
[
1
(g(x))2
+ 0.65
bg(x)
]
. (4)
This expresses a uniform Fixed–Fixed beam actuator with the first order fringing correction,
where b = b
Lb
, g(x) = g(x)
Lb
, (5)
g(x) is the gap above the ground electrode and Fr = F
{
0.65
(bg(x))
}
is called the fringing field correction [7].
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Also for simplicity residual stress is zero in the Fixed–Fixed beam. The boundary conditions for the Fixed–Fixed beam
are
g(x) = go
Lb
= g0, g ′(x) = 0 at x = 0
g(x) = go
Lb
= g0, g ′(x) = 0 at x = 1
(6)
where go = 0 is the initial gap.
3. He’s homotopy perturbation method
He’s homotopy perturbation method was established as very effective, simple and convenient when solving nonlinear
initial and boundary value problems.
Consider the following general nonlinear differential equation
F(q)− h(θ) = 0, θ ∈ Ω. (7)
Subject to the boundary conditions
G
(
q,
∂q
∂η
)
= 0, θ ∈ Γ (8)
where F is a general differential operator, G is a boundary operator, h(θ) is a known analytic function, Γ is the boundary of
the domainΩ .
Split the operator F as usual into L, the linear part and N , the non-linear part to modify Eq. (7) as
L(q)+ N(q)− h(θ) = 0 (9)
we can construct the following homotopy by using homotopy technique, v(θ, p) : Ω × [0, 1] → Rwhich satisfies
H(v, p) = (1− p)[L(v)− L(q0)] + p[F(v)− h(θ)] = 0, p ∈ [0, 1] (10)
we can also write it as
H(v, p) = L(v)− L(q0)+ pL(q0)+ p[N(v)− h(θ)] = 0 (11)
where p ∈ [0, 1] is an embedding parameter and q0 is the initial approximation to (7) which satisfies the boundary
conditions.
H(v, 0) = L(v)− L(q0) = 0 (12a)
H(v, 1) = F(v)− h(θ) = 0. (12b)
The changing process of p from zero to unity is just that of v(θ, p) changing from q0(θ) to q(θ). This is called deformation,
and also, L(v) − L(q0) and F(v) − h(θ) are called homotopic in topology. If the embedding parameter p (0 ≤ p ≤ 1) is
considered as a ‘‘small parameter’’, applying the classical perturbation technique, we can naturally assume that the solution
of equations
Eqs. (12a) and (12b) can give a power series in p, i.e.
v = v0 + pv1 + p2v2 + p3v3 + · · · (13)
and setting p = 1 results in the approximate solution of Eq. (7) as
q = lim
p→1 v = v0 + v1 + v2 + · · · . (14)
The convergence of series (14) has been proved by He [12]. The major advantage of He’s homotopy perturbation method
is that the perturbation equation can be freely constructed in many ways (therefore it is problem dependent) as homotopy
in topology. Also the initial approximation can freely be selected.
4. Numerical analysis
4.1. Cantilever beam
HPM is used to solve Eq. (1) and the deflection for a cantilever beam is represented as follows. Construct the following
homotopy for Eq. (1) subject to the boundary conditions (3).
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∂4y(x)
∂x4
− pF
(
1
s2
+ 2y(x)
s3
+ 3y
2(x)
s4
+ 4y
3(x)
s5
)
= 0. (15)
Assume the solution of (15) in the form
y(x) = y0 + py1 + p2y2 + p3y3 + · · · . (16)
Substituting (16) in (15) and collecting terms of the same power of p gives.
p0 :

∂4y0(x)
∂x4
= 0
y0(x) = 0, y′0 (x) = 0 at x = 0
y′′0(x) = 0, y′′′0 (x) = 0 at x = 1.
(17)
p1 :

∂4y1(x)
∂x4
− F
(
1
s2
+ 2y0(x)
s3
+ 3y
2
0 (x)
s4
+ 4y
3
0(x)
s5
)
= 0
y1(x) = 0, y′1(x) = 0 at x = 0
y′′1(x) = 0, y′′′1 (x) = 0 at x = 1.
(18)
p2 :

∂4y2(x)
∂x4
− F
(
2
y1(x)
s3
+ 6y0(x)y1 (x)
s4
+ 12y
2
0(x)y1(x)
s5
)
= 0
y2(x) = 0, y′2(x) = 0 at x = 0
y′′2(x) = 0, y′′′2 (x) = 0 at x = 1.
(19)
p3 :

∂4y3(x)
∂x4
− F
(
2
y2(x)
s3
+ 4
(
3y0(x)y2 (x)+ 3y0(x)y21(x)
)
s5
+ 3
(
y21(x)+ 3y20(x)y2 (x)
)
s4
)
= 0
y3(x) = 0, y′3(x) = 0 at x = 0
y′′3(x) = 0, y′′′3 (x) = 0 at x = 1.
...
(20)
After solving the above system
y0(x) = 0 (21)
y1(x) = Fs2
[
1
24
x4 − 1
6
x3 + 1
4
x2
]
(22)
y2(x) = F
2
s5
[
1
20160
x8 − 1
2520
x7 + 1
720
x6 − 1
60
x3 + 13
360
x2
]
(23)
y3(x) = F
3
s8
[
1
20160
(
107
11880
x12 − 107
990
x11 + 107
180
x10 − 5
3
x9 + 9
4
x8 − 4
5
x7 + 182
45
x6
)
− 91
19440
x3 + 2417
226800
x2
]
(24)
...
y4(x) and y5(x) are given in Appendix and the approximate solution will be
y(x) =
∞∑
n=0
yn(x) = y0(x)+ y1(x)+ y2(x)+ y3(x)+ · · · . (25)
4.2. Application of cantilever beam
A rectangle poly silicon beamas shown in Fig. 1 is used for the cantilevermicro-actuator. The beam length is Lb = 500µm.
The thickness and the width of beam are t = 1.6 µm and b = 4.6 µm respectively. The maximum height of the actuator is
s = 32.2 µm. Also the non-dimensional parameter in this case is
F = 0.0004323306557, s = 32.2
500
, b = 4.6
500
where the Young’s modulus for the beam material (i.e poly silicon) is,
E = 169 GPa, V = 100 V.
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Fig. 2. Adomian vs HPM for cantilever beam (up to 3 terms).
So, Eqs. (21)–(24) gives
y0(x) = 0
y1(x) = 0.0043432284x4 − 0.017373729x3 + 0.0260605937x2
y2(x) =
[
0.8369744466× 10−5x8 − 0.0000669579557x7 + 0.0002343528451x6
− 0.002812234141x3 + 0.006093173970x2
]
y3(x) =

0.1220219511× 10−6x12 − 0.146426314× 10−5x11
+ 0.8053448774× 10−5x10 − 0.00002257976293x9
+ 0.00003048267994x8 − 0.00001083828620x7
+ 0.00005479355803x6 − 0.001278516354x3
+ 0.002910681972x2

and hence (25) implies
y(x) =

0.03506444964x2 − 0.02146447963x3 + 0.004343432284x4
+ 0.0002891464031x6 − 0.00007779624191x7 + 0.00003885242441x8
− 0.00002257976293x9 + 0.8053448774× 10−5x10
− 0.1464263414× 10−5x11 + 0.1220219511× 10−6x12 + · · ·
 . (26)
The non-dimensional tip deformation for this cantilever beam actuator will be y(1) = 0.01817773632 for 100 V and it
can be improved by increasing the number of approximating terms.
The graphs (Figs. 2 and 3) show the comparison between [9] and the present solution. It is observed that after taking
more approximating terms, HPM gives better results than the Adomian method.
Fig. 2 shows that the graph of HPM and Adomian method overlaps for some terms, but if we take more approximating
terms, HPM proves much better than the Adomian method as shown in Fig. 3.
4.3. Fixed–Fixed beam
The Fixed–Fixed beam deflection equation after employing the HPM can be expressed as
d4
dx4
g(x) = −pF
[
1
(g (x))2
+ 0.65
bg(x)
]
. (27)
Assume the solution in terms of
g(x) = g0(x)+ p1g1(x)+ p2g2(x)+ p3g3(x)+ · · · . (28)
Substituting (28) in (27) and comparing with respect to p
p0 :

∂4g0(x)
∂x4
= 0
g0(x) = g0, g ′0 (x) = 0 at x = 0
g0(x) = go, g ′0 (x) = 0 at x = 1
(29)
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Fig. 4. A Fixed–Fixed beam type electrostatic micro-actuator.
p1 :

∂4g1(x)
∂x4
+ F
(
0.65
bg0(x)
+ 1
g20 (x)
)
= 0
g1(x) = g0, g ′1(x) = 0 at x = 0
g1(x) = g0, g ′1(x) = 0 at x = 1.
(30)
p2 :

∂4g2(x)
∂x4
− F
(
2
g1(x)
g30 (x)
+ 0.65g1 (x)
bg20
)
= 0
g2(x) = g0, g ′2(x) = 0 at x = 0
g2(x) = g0, g ′2(x) = 0 at x = 1.
(31)
p3 :

∂4g3(x)
∂x4
+ F
(
3
g21 (x)
g40 (x)
− 2 g2(x)
g30 (x)
− 0.65 g2(x)
bg20 (x)
+ 0.65 g
2
1 (x)
bg30 (x)
)
= 0
g3(x) = g0, g ′3(x) = 0 at x = 0
g3(x) = g0, g ′3(x) = 0 at x = 1.
...
(32)
The solution of the above system will be,
g0(x) = 1250 (33)
g1(x) = 1250 +
25
24
F
[
1
b
(5000b+ 13 )
(
x3 − 1
2
x2
)
−
(
2500+ 13
2b
)
x4
]
(34)
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g2(x) =

1
250
+ 25
5376
1
b2
{(
1120000b2 + 1456b) F − (105625+ 31250000000b2+ 121875000b
)
F 2
}
x2
+ 25
3456
1
b2
{(
105625+ 31250000000b2 + 121875000b) F 2 − (1440000b2+ 1872b
)
F
}
x3
+ 25
48
1
b
{(13+ 10000b) F} x4 − 25
48
1
b2
F 2
(13+ 10000b)

390625
9
b
+ 8125
72

 x6
+ 25
48
1
b2
F 2
{
(13+ 10000b)
(
8125
84
+ 781250
21
b
)}
x7
− 25
48
1
b2
F 2
{
(13+ 10000b)
(
390625
42
b+ 8125
336
)}
x8

...
(35)
g3(x) and g4(x) are given in Appendix and the general approximate solution will be
g(x) =
∞∑
n=0
gn(x) = g0(x)+ g1(x)+ g2(x)+ g3(x)+ · · · . (36)
4.4. Application of Fixed–Fixed beam
In this example beam length Lb = 250 µm, beam width is b = 50 µm the thickness is t = 3 µm and initial gap
g0 = 1 µm. The non-dimensional parameter in this case are F = 2.6101 × 10−6, g0 = 1250 , b = 50250 =
1
5 and applied voltage is V = 30 V.
Applying the above data for the Fixed–Fixed beam, the solution Eqs. (33)–(35) becomes
g0(x) = 1250
g1(x) =
[
1
250
− 0.006885498175x2 + 0.01377099635x3 − 0.006885498175x4
]
g2(x) =
[ 1
250
+ 0.01267322200x2 − 0.02579507138x3 + 0.01368263359x4
− 0.001570195811x6 + 0.001345882124x7 − 0.0003364705308x8
]
g3(x) =

1
250
− 0.002065987197x2 + 0.00622199787x3
− 0.006797135408x4 − 0.006549986845x7 + 0.0008089442444x8
+ 0.001926483316x9 − 0.001759411668x10 + 0.0007495172753x11
− 0.0001249195459x12

...
and hence from (36) the deflection is approximated under 30 V as
g(x) =

0.016+ 0.003721736629x2 − 0.005802077150x3 + 0.8333333333× 10−11x4
+ 0.006020302142x6 − 0.005204104721x7 + 0.0004724737136x8
+ 0.001926483316x9 − 0.001759411668x10 + 0.0007495172753x11
− 0.0001249195459x12 + · · · .
 (37)
The non-dimensional tip deformation in this case will be g(1) = 0.016 for 30 V and it can be improved by increasing the
number of approximating terms.
The graphs (Figs. 5 and 6) show that the graphs of HPM and the Adomian method have the same pattern. The graph
(Fig. 7) gives a good comparison between [9] and the present solution.
5. Conclusions
In the present work we have reanalyzed the simulated results of pull-in behavior by Kuang and Chen [9] for Fixed–Fixed
and Cantilever beam type micro-actuators. It has been observed that HPM is more handy, trouble-free and well-organized
to solve the nonlinear behavior of micro-actuators. The nonlinear deflection equation is easily modified by the homotopy
technique and the solution involved no complexity of functions.
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Fig. 5. Approximation by HPM.
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Fig. 6. Approximation by the Adomian method.
Numerical approximate results have been obtained for both Fixed–Fixed and Cantilever beam models. In the end,
simulated numerical results are to provide a comparative study with [9]. More complicated models can be worked out
by using the homotopy perturbation method.
Appendix
y4(x) := 159875200F
4
(
18121
43680
x16 − 18121
2730
x15 + 18121
364
x14 − 435
2
x13 + 4713
8
x12 − 9771
10
x11
+ 63151
60
x10 − 1210x9 + 3861
2
x8 − 2002
3
x7 + 53174
15
x6
)/
s11 − 6017
3538080
F 4x3
s11
+
43025053
10897286400F
4x2
s11
y5(x) := 12615348736000F
5
(
3050357
116280
x20 − 3050357
5814
x19 + 3050357
612
x18 − 53235
2
x17 + 682329
8
x16
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Fig. 7. Adomian method vs HPM for the Fixed–Fixed beam.
− 924818
5
x15 + 1605067
3
x14 − 2479120x13 + 8453172x12 − 148015868
9
x11 + 826179068
45
x10
− 18412680x9 + 30975516x8 − 10589920x7 + 172100212x6
)/
s14
− 11147849369
16672848192000
F 5x3
s14
+
312176743339
200074178304000F
5x2
s14
and
g3(x) := −1562548384F
(
−750000000Fb3x8 + 4214843750000
33
x12F 2b2 + 23435546875
99
x12F 2b− 2340000x8fb2
+ 2089843750000000
99
F 2b3x12 + 9360000x7Fb2 − 10920000x6Fb2 + 39062500000000F 2b3x6
− 78125000000000
3
F 2b3x7 + 146484375000000F 2b3x8 − 17773437500000
9
x9F 2b2
− 33007812500
9
x9F 2b+ 97491875
792
x12F 2 − 34328125
18
x9F 2 + 2675781250000000
9
F 2b3x10
+16199218750000
9
x10F 2b2 + 30037109375
9
x10F 2b− 3500000000Fb3x6 + 124954375
72
x10F 2 + 8064b3x4
− 97491875
132
x11F 2 + 6865625
8
x8F 2 − 1373125
12
x7F 2 + 1373125
7
x6F 2 − 4179687500000000
33
F 2b3x11
− 8429687500000
11
x11F 2b2 − 46871093750
33
x11F 2b+ 3000000000Fb3x7 + 203125000000x6F 2b2
− 406250000000
3
x7F 2b2 + 888671875000x8F 2b2 + 330078125x6F 2b− 660156250
3
x7F 2b
+ 1650390625x8F 2b− 7098x6Fb −976562500000000
3
F 2b3x9 + 6084x7Fb− 1521x8Fb
)/
b3
+ 15625
870912
F(13203125000F 2b+ 7617187500000F 2b2 − 127764Fb+ 1367187500000000F 2b3
+ 6865625F 2 − 196560000Fb2 − 63000000000Fb3 + 290304b3)x3/b3 − 15625
19160064
× F(192765625000F 2b+ 111007812500000F 2b2 − 1806948Fb+ 19882812500000000F 2b3
+ 100238125F 2 − 2779920000Fb2 − 891000000000Fb3 + 3193344b3)x2/b3 + 1
250
g4(x) := − 7812538320128F
2
(
1
43680
(297381347656250000000000F 2b3 + 398414793359375F 2
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+ 35392578125000000000000000F 2b4 + 1072655212890625000F 2b
+ 887560273437500000000F 2b2)x16 + 1
32760
(−1784288085937500000000000F 2b3
− 2390488760156250F 2 − 212355468750000000000000000F 2b4 − 6435931277343750000F 2b
− 5325361640625000000000F 2b2)x15 + 1
24024
(4445777832031250000000000F 2b3
+ 5960781109765625F 2 + 528859375000000000000000000F 2b4 + 16048256833984375000F 2b
+ 13274567109375000000000F 2b2)x14 + 1
17160
(−17557020507812500000000F 2b2
− 5872915039062500000000000F 2b3 − 7891091914062500F 2 − 21245247460937500000F 2b
− 697705078125000000000000000F 2b4)x13 + 1
11880
(5855730181640625F 2
+ 515061035156250000000000000F 2b4 + 4344148681640625000000000F 2b3
+ 13010367626953125000000F 2b2 + 15765427412109375000F 2b− 2672777250000000Fb2
− 1682430750000000000 Fb3 − 1158203475000Fb− 317790000000000000000Fb4)x12
+ 1
7920
(6729723000000000000Fb3 − 6385468933593750000F 2b
− 209923828125000000000000000F 2b4 − 5278325507812500000000F 2b2 − 2371745603906250F 2
− 1766273437500000000000000F 2b3 + 1271160000000000000000Fb4 + 10691109000000000Fb2
+ 4632813900000Fb)x11 + 1
5040
(523904687109375F 2 − 15986470500000000Fb2 − 6927470550000Fb
+ 1203303105468750000000F 2b2 + 418945312500000000000000F 2b3
− 1898820000000000000000Fb4 + 51916992187500000000000000F 2b4
− 10058548500000000000Fb3 + 1410512619140625000F 2b)x10
+ 1
3024
(−117814125000000F 2 + 10540530000000000Fb2 + 4567563000000Fb
− 296278125000000000000F 2b2 − 113953125000000000000000F 2b3
+ 1247400000000000000000Fb4 − 15468750000000000000000000F 2b4
+ 6621615000000000000Fb3 − 317191875000000000F 2b)x9
+ 1
1680
(33135222656250F 2 − 2635132500000000Fb2 + 399168000000000b4
− 1141890750000Fb+ 404756352b2 + 83328222656250000000F 2b2
+ 32049316406250000000000F 2b3 − 311850000000000000000Fb4
+ 4350585937500000000000000F 2b4 + 934053120000b3 − 1655403750000000000Fb3
+ 89210214843750000F 2b)x8 + 1
840
(−6608164062500000F 2b− 2583496093750000000000F 2b3
− 6354003906250000000F 2b2 + 126126000000000000Fb3 − 2454460937500F 2
+ 27720000000000000000Fb4 − 375976562500000000000000F 2b4 + 76126050000Fb
+ 175675500000000Fb2 − 798336000000000b4 − 1868106240000b3 − 809512704b2)x7
+ 1
360
(1628869531250F 2 − 112934250000000Fb2 + 399168000000000b4
+ 248535156250000000000000F 2b4 + 934053120000b3 − 81081000000000000Fb3
+ 4385417968750000F 2b− 48938175000Fb+ 404756352b2 + 4213447265625000000F 2b2
s + 1710693359375000000000F 2b3 − 17820000000000000000Fb4)x6
)/
b4
+ 15625
502146957312
F 2(833233705078125F 2 − 45675630000000000Fb2
+ 72648576000000000b4 − 19792773000000Fb+ 73665656064b2
+ 2067180273437500000000F 2b2 + 793349121093750000000000F 2b3
− 6306300000000000000000Fb4 + 108740234375000000000000000F 2b4
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+ 169997667840000b3 − 30743212500000000000Fb3 + 2243321513671875000F 2b)x3/b4
− 15625
334764638208
F 2(373133845703125F 2 + 31570995456b2 + 72856143360000b3
+ 31135104000000000b4 + 354040527343750000000000F 2b3 − 20208006000000000Fb2
− 8756802600000Fb+ 924317773437500000000F 2b2 + 1004591123046875000F 2b
− 2779140000000000000000Fb4 + 48427734375000000000000000F 2b4
− 13576699500000000000Fb3)x2/b4 + 1
250
.
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